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^ ' Abstract 

R-matrix method is used to construct supersymmetric extensions 
Cn , oiO - Euclidean group preserving N = -^ supersymmetry and its three- 

parameter generahzation. These quantum symmetry supergroups can 
\^ • be considered as global counterparts of appropriately twisted Eu- 

jO , clidean superalgebras. The corresponding generalized global symme- 

try transformations act on deformed superspaces as the usual ones do 
on undeformed spaces. However, they depend on non(anti)commuting 



cn 

P^ . parameters satisfying (anti)commutation relations defined by relevant 

R matrix. 

%j : 1 Introduction 

Semi-classical arguments of relativistic quantum theory referring to the oc- 
currence of annihilation/creation processes or gravitational collapse [1], [2], 
[3] (if energy density in tiny volume is large enough) on one side and the 
results of string theory in a non-trivial graviphoton background [1] - [l2] on 
the other, strongly suggest that a sort of non-(anti) commutative deforma- 
tions (quantizations) of (super)spaces is a generic feature of quantum the- 
ories consistent with relativity [13], [H], [15]. However, these deformations 
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break, at least partially, the original (super) symmetry [TB] - [2S]- So, if (su- 
per) symmetry transformations are required to preserve (anti) commutation 
relations defining (super) space deformations they have to be reformulated 
somehow [26] - [29] . 

A nice modification of infinitesimal (super) symmetry transformations (in- 
spired by quantum group theory [30] - [SS] ) has been proposed in the 
framework of so called twisted Euclidean/Poincare (super) algebras [2Z1 - 
|49j . In this approach only the (super) coalgebraic sector of original (su- 
per)symmmetry algebra is modified while the (super) algebraic one is left 
unchanged. Thanks to that the representation content of twisted (su- 
per) symmetry is the same as that of standard one. 

A global counterparts of twisted algebras have been considered in [50] 
- [53], [lOj. In particular, in Ref. [53J, letting the original global symme- 
try transformation parameters to be non( anti) commutative ones and making 
some additional assumptions, both simple and natural from "physical" point 
of view, allowed us to construct generalized global transformations which 
preserve wide class of (anti) commutation relations defining various Euclidean 
superspace quantizations. Requiring these relations to be consistent with Ja- 
cobi identities leads, in particular, to global transformations which preserve 
so called N = ^ supersymmetry [51] as well as its three-parameter extension 
[44j . [IH]. The coalgebraic sector of these transformations appears to be com- 
patible with the algebraic one. Therefore, they generate quantum symmetry 
supergroup [55] - [S2] - a supersymmetric extension oi -d - Euclidean group 
(i.e. Euclidean counterpart of 'd -Poincare group [50], [51], [52]). This quan- 
tum supergroup can be considered as global counterpart of appropriately 
twisted Euclidean superalgebra which has been shown to preserve N = ^ 
supersymmetry [B], [IB], [S], [ID]. 

In the present paper (which can be viewed as the companion one to the 
Ref. ^3]) it is explained how these supersymmetric extensions of t? - Eu- 
clidean group can be constructed within the so called R - matrix formalism 
or Faddeev - Reshetikhin - Takhtajan (FRT) method [36]. In this approach 
the key role is played by R/B matrix which controls the (anti) commutation 
rules both for deformed superspace coordinates as well as transformation 
parameters of the corresponding quantum symmetry supergroup [58j. Un- 
fortunately, in general, there is no universal algorithm allowing to construct 
such R/B matrix and what is more, it is even not known if the universal 
R matrix exists for every consistent (super)space deformation described by 
certain non(anti)commutative Hopf (super) algebra. Nevertheless, the case of 



A^ = I super symmetry and its extensions belong to the class of superspace 
deformations described by twisted superalgebras. Then, there exists the gen- 
eral way of constructing R matrix out of the appropriate twist operator [30] . 
Actually, as it is shown below, the R matrices describing N = ^ supersym- 
metry and its extension can also be constructed directly, starting basically 
with (anti) commutation relations defining superspace quantization (without 
referring to the twisting procedure). Indeed, using a vector realization z^ 
of the superspace and corresponding supermatrix representation T^ of Eu- 
clidean supergroup the relevant R matrix can be constructed by taking into 
account that: 

a) (anti) commutation relations defining superspace deformation do not deter- 
mine R matrix uniquely, 

b) this gauge-like freedom can be fixed (due to a specific structure of some 
Tg supermatrix elements ) if one requires supersymmetric version of RTT 
equation to provide consistent (anti) commutation relations for all T^ ele- 
ments. 

The paper is organized as follows. Section 2 introduces supermatrix rep- 
resentation of A^ = 1 Euclidean supergroup as well as some notation and 
conventions, concerning supersymmetry ( we mostly follow [63], [M], |65] . 
[72]). In section 3 the main points of supersymmetric version of FRT method 
are reminded and the way it can be used to find R matrices controlling al- 
gebraic sector of global symmetries of quantized Euclidean superspaces is 
explained. This is illustrated by explicit construction of algebraic sector of 
the global transformations preserving N = ^ supersymmetry and its exten- 
sions. Finally, the coalgebraic structure (compatible with the algebraic one) 
is introduced. That completes the construction of supersymmetric extensions 
of 9- Euclidean group. Section 4 discusses the global symmetries considered 
in section 3 ( as well as in Ref.[S3] ) from the point of view of star prod- 
ucts [66j - [71] and twisted superalgebras. In particular, it is argued that R 
matrices found in section 3 provide supermatrix realization of universal R - 
matrix constructed out of the twist operator defining relevant twisted sym- 
metry superalgebra. In appendix some basic facts concerning supermatrices 
[72] can be found. 

In order to make the paper more readable we will generally omit the prefix 
"anti" and use the words "commutators", "commutation rules", etc. irre- 
spectively of the parity of variables under consideration. However, we keep 
the standard notation for the commutators ([.,.]) and the anticommutators 



2 Supermatrix representation of A^ = 1 Eu- 
clidean supergroup 

In order to apply FRT method it is convenient to introduce supervector 
realization of N=l Euclidean superspace and supermatrix representation of 
A^ = 1 Euclidean supergroup acting there. Four bosonic coordinates x™, m = 
0,1,2,3 and four grassmannnian ones 1]°', f/", a = 1,2, a = 1,2 form a 
supervector z"^ 



{x^.n^rf 



{z^) 



( x^\ 

1 
rf 



(1) 



The elements g{C,,^,a,uj) oi N = 1 Euclidean supergroup are param- 
eterized by grassmnnian coordinates ^°',C,°', a = 1,2, a = 1,2 (corre- 
sponding to supertranslations generators Qa, Qa ) and bosonic coordinates 
a™, cu™" = — oj""^, m,n = 0,1,2,3 (corresponding to the ordinary transla- 
tions Pm and 4D-rotations Mmm respectively). They can be represented by 
a supermatrix ( see Appendix ) (T^^) = {T'^Q[^,^,a,uj)) 



(Ti) 



\e-'^)"l^ a"" -i^"{(r"')aa{B^{uj)y 











{B^{u)y 



-t^^{a"^U{A^{u)y 



{A^i^Wp 



(2) 



In the above equation we used the standard notation for Pauli matrices: 
am = {il, CTi) and a^ = {il, -ai). 

The generators of Z}(2'0) and D^^'^^ representations of SU{2) x 5*^(2) 
group (universal covering of 4D-rotation group ) read 



(3) 
which allows us to write the matrices A and B, entering eq.([2]) in the form 

A{u) = e-^'^™'^'"" B\uj) = el"™'^™" (4) 

Note thatA(w) and B^{uj) satisfy A{u)a'''B\u) = (e-'^)";a" . 

The T^ matrices define the representation of A^ = 1 Euclidean super- 
group, that is 



T%{^,la,u)T''^{rj,n,b,io')=T^s{A,A,c,u"). (5) 

In the eq.dS]) the parameters A,A,c,u" are given by the composition rule in 
N=l Euclidean supergroup ( see [53] for example) : 



5'(C, C, a, ^)9iv^ V, b, uj') =giA, A, c, u") (6) 

A" =e + iA^iuj)nv' 

A" =e + iB\u))%v^ 

i , , A/fab i , J njab * , /' ]\ ro,b 

Let |7''^b| be the parity of matrix element T"^^. Defining the parities 1^41 
of rows and columns in such a way that \A\ = if A = m,4 and \A\ = 1 if 
A = a, d we find 

\T^b\ = \A\ + \B\, (7) 



Qa] B ~ 


--i^naJ^5% + tS^5i 


Qa] B ~ 


- {crnaJi^B - ^^a^B, 


-T mj B ~ 


- <^B- 



i.e. {T^^ is an even supermatrix ( see Appendix) 

Super matrices representing supertranslation generators Qq,, Q^ and 
usual translation generators Pm read: 



(8) 



[-PmJ'^B are even supermatrices, 

\\P,\\\ = \A\^\B\, (9) 

whereas [Qaj'^B and [QqJ'^b are odd ones, 

\\Qo\W = \\Q6W\ = \A\^\B\^\. (10) 

Direct computation shows that the above generators verify relevant commu- 
tation relations : 

({Qa, Q^]Yb = {Q<.Yc{Q^fB + {Q^YciQ.fB (11) 



2(0„,(^™)^ 



({Qa,Q/3})^B=0 

{{q^.q-^]Yb = ^ 

([^™,Qa])^B=0. 

In addition one has: 



{QMfitB = (12) 

{QaQ^)% = 

{PmQp) B = 
\PmQp) B = 



3 R-matrix construction of global N = ^ su- 
persymmetries 

Replacing the commutative coordinates z^ by quantities z^ (satisfying 
commutation relations defining deformed superspaces) one obtains vector 
representations of deformed Euclidean superspaces. In FRT approach the 
relations satisfied by z^ as well as symmetries of these relations (basically 
described by non-commutative counterparts of supermatrix T^ elements) 
are determined by B^f,,fj^ matrix. It is defined in such a way that the 
following conditions are met [36].|57].|58j: 

1. Equations 

z^z^ = B%^z^'z^ (13) 

reproduce the original commutation relations for x™,r)",?^° . 

2. Supersymmetric version of FRT equations: 

(^_l-^\E\(\N\ + \F\)j^AB J.MJ.N ^ ^_^yM\(\B\ + \N\)j^A j,B jgMN ^^^-^ 



is consistent and gives commutation relations for ^, ^,a,u - the noncom- 
mmutative counterparts of Euclidean supertransformation parameters. 
These relations define the algebraic sector of global symmetries of 
deformed superspaces. It is worth noting that the equations ( IT^ provide 
sufficient conditions for the covariance of eqs. (fT3ll under the generalized 
Euclidean transformations 



2^ ^ z'^ = Tj.z'', (15) 



3. B matrix verifies Yang-Baxter equation 

(/ ®B){B0 I){I ®B) = {B®I){I® B){B ® I), (16) 

which guarantees associativity of composition rule. 

The above description of FRT method is somehow informal However, it 
can be made mathematically sound (in the spirit of original paper [SB] ) if 
needed. 

Let us remark that eqs. (TT3|) . (TT4l) . (fT6|) can be equivalently written in terms 
of the 7?. matrix defined by: 

B^^^ = {na^^ = (-l)l^^ll^l7^^A„ (17) 

^ MN = (-1) (>m(>N- 

Then the Yang-Baxter eq. (IT6ll reads: 

7^l27^l37^23 = 7^237^l37^l2, (is) 

with standard notation 

7^l2=7^®/ (19) 

7^23 = / ® 7^ 

7^l3 = Sc,7^„®/(g)7^«. 

It should be stressed that: 

a) The matrices satisfying eq. flT3|) do not have to fulfil automatically eqs. (1141) 
and flT6l) . In particular, a matrix B verifying eq. flT3|l can lead via eq. (ll4l) 
to non-consistent commutation relations for group parameters. Indeed, it 
appears that different results can be obtained when commutation relations 
including "composed" T^ elements i.e. elements: 
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T- = -^T\ia"^)^^T^. (20) 



are computed in two ways 



1) directly using eq. flT^ or 



2) referring to commutation relations ( determined by eq. (TT4l) ) for "sim 

V T^/3 n^a rpp 
4' 7' 4' 7 



pie" elements r"4, T'^ , T"^, T^ entering the expressions for composed 



ones. 



b) Equation flT3l) defines B matrix up to a matrix b'^^jy which satisfies the 
following condition: 



b^lj.z^'z'^ = 0. (21) 

So, if B matrix verifies eq. (IT3l) then the matrix: 



" MN — " MN ^ " MN l^^J 



also does it. 



It appears that, in some cases (including those discussed in literature) 
this " gauge-like " symmetry of B^^j^ matrix and the structure of T^b 
matrix elements (see eq. (!20!) ) can be used to construct new B matrices 
verifying all three conditions ( fT3l) . ( IT^ . (fT6l) . In particular, this can be done 
for A^ = I Euclidean supersymmetry [54j and its three-parameter extensions 
144J as it is demonstrated in some detail below. 



We start with N = ^ Euclidean superspace (studied for instance in ^0] , 
[Hj, [l5], |l6], lUj, im ) defined by the following non- vanishing com- 
mutators: 
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{r,v'} 


= C"'3 


'x"',^' 


= zC-^ianaaV'' 


[x™,r] 


= Ic^'icr^a^ia^ 



(23) 



,[f,f] = C7"^(a-),„K)^^r^'^ 



It is a particular case of general Euclidean superspace deformation con- 
sidered in Ref. [S3] and corresponding to the following choice of structure 
constants introduced there: 



C7"^^0 D"^ = £;"^ = (24) 

jjma ^ Q ^ma ^ g Qmn ^ q 

It is not difficult to find B^^j^ matrix which reproduces ( via eq. flT3!) 
) the above commutation relations fl23l) . Indeed, taking for example -B^^y 
matrix in the form : 



B%M H-ir^^^%5fi + C^'^t^Pli^'N (25) 

■T^^\ ( rr^\ A^A^A'^ A^ 

+ ^c"^(^™).d(<^;^<^|'5t/<^^ - <^^€'5m4) 



2 
i 

2 



+ :^<-^ (^ )ad(OmO/3')Aff>7V-f^/3f^m'^Af'^7v) 



leads to the following commutation relations for z^ variables: 



■B 

/3 



+ ^C-'{o-)U€^'| - SfS^WMz'' + C-Htb^, 



which are equivalent to eqs. fl23l) . Direct check shows that the commuta- 
tion relations of T\ matrix elements implied by eq. flT^ . with B^\i^ matrix 
given by eq. 025|) . are not consistent in the sense described above (see remark 
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AB 

MN 



a) bellow the eq. fll8p ). Nevertheless, referring to "gauge" symmetry oi B 
matrix (see remark b) one can write RTT relations (eg. (1141) ) for the matrix 

»AB _ ^AB , i^AB 

" MN — " MN ^ ^ MNi 

where b"^^^^ verifies condition (12T!) and reads: 



- (L2) ^ o^d^){dMON - (>m(>n) (27) 

with (Si)°^, (E2)"™ and S"*^ = S'*?*" being arbitrary constant matrices. 

Now, requiring the commutation rules for T"^ elements (implied by RTT 
relations with the B^^j^ matrix ) to be consistent allow us to find the matrices 



(^ ) a/3 = -<- y^aa^^pp + ^/3/3^aa) (28) 



13a 



(^1) a = -(^2) a = -^ ^, 

and consequently -B^f^ matrix 

B^M = (-l)'^ll^l<^^4 + C-Ht5pl,5% - C-'aZo;,5t5^5%5i (29) 

The matrix (l29l) defines deformed A^ = | Euclidean superspace described 
by eqs. (I23p . (1261) and provides consistent commutation relations for T^ 
elements: 

^_^^\A\m + \E\)+\Emj.B^j.A^ _ (_l)l^l|B|r^^r^ = (30) 

+ ^C"^<.(-(-l)l^l(l^l+^)5;^<^,^nn + TtT^,5%6%) 
+ C'^P{-{-l)mF\[5t5^,T%T% + (-l)(l^l+i)TlT>|4) 
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In terms of noncommutative counterparts of Euclidean transformations 
parameters (^, ^, a, u) these relations read: 



{e,^^}=c^^ (31) 

{r,f}=o 



1 



K,a-]=^C^Jiana,{cT-),,[C,e] 



where we have defined : 



cf = [s^5S±{A^rjAys]c^' 



This result agrees with the one obtained, in another way, in [53] . 

One can avoid direct ( i.e. by brute force ) checking whether the B matrix 
found above satisfies Yang - Baxter equation by noting that this matrix can 
be written in the form 



B^liN = ((/»/ + C'^^Qa ® Q(s)cr)^lN (32) 

where: 

(Qa ® Q,)%j, =(-i)i^i(i^i+i^i+^)+i^i(g.)\,(Q,)% (33) 

^ MN =(-1) O^dM, 

and Qa are given by eq.®. 
Taking into account that the supertranslation generators Qa are nilpotent 
the B^^j^ matrix can be rewritten as follows: 
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B%^ = {exp {C"^Q„ ® Q4 a)^l^ ^ {naflj,, (34) 

so that 

7^ = s«7^„ ® 7^^ = exp { c"^q„ ® Q/3 } . (35) 

It is not difficult to check that the matrix fl35p obeys Y-B equation: 

7ei27ei37e23 = exp {C^Qa ®Qp®I + Qa®I®Qp + I ®Qa®Qp] 

= n2^ni^ni2 (36) 

Our next example deals with Euclidean superspace deformation given by 
the following nontrivial commutators: 

[x™,?)"] =m'"" (37) 

[x'",x"] = (n-°(a"),^ - n"°(a™)a^)f)". 



This deformation has been studied in Ref. [Sj, [IB] and [S3]- It can 
be viewed as a particular case of general Euclidean superspace deformations 
considered in [53] and corresponding to the following choice of structure 
constants: 



C"^ = D°^ = E"^ = (38) 

The matrix B^^^j^ leading to these relations can be taken in the form: 



B^^N = i-ir^^^'K^ + ^n-(5;^5f - 6^6MA (39) 
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Indeed, z-^ coordinate commutation relations given by eg. (1131) with the 



above B^^,jj^ matrix read: 






and are equivalent to the relations fl371) . However, as in the first example 
this ad-hoc chosen B matrix reproducing correctly superspace deformation 
does not provide consistent commutation relations of T"^ variables. To cure 
this one adds to the matrix fl39p the b^^.^^ matrix given by equation: 



b^liN = l^TSiS^{S"MS% - St,5%), (41) 

where S™" are arbitrary constants. 

This modifies commmutation relations of T"^ elements leaving unchanged 
those of z^ coordinates because b^^.[j^ matrix satisfies eq. (1^ . Now, requir- 
ing B'^^fjy = B'^^j^ + b'^^.jj^ matrix to yield consistent commutation relations 
allows us to find the constants S: 



^ = 11 (T^^ + 11 (T^^ (42) 

and then the explicit form of B: 

B^En H-ir^^^'Ksfj + ^Ti-i6:^S^ - S^S^)SlA (43) 

Consistent commutation relations of T"^ elements given by eq. (I14p read 
now: 
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_^^\A\(\B\ + \E\H\E\\F\j.B^j.A^ - (-1) I^H^IT^T^ = (44) 



or, explicitly in terms of noncommutative counterparts of Euclidean su- 
pergroup parameters: 

{r,f}=o 

{r,f}=o 
[a*",!"] =0 

[a ,a \ =(ii+ (CT ja^ - ii+ (cr )aa)t, 



(45) 



n™" = (j;^^^ ± (e-^)'^(A^)"^)np'^ 

The same relations have been obtained in [53] . 

As in the previous example B^^jj^ matrix can be rewritten in terms of 
generators Qa and Pm (given by eq. (IE])): 



{B)^ij, = (/ ® / + 2n™"(P,„ ®Q^-Q^(^ Pm))<y)^^N = (46) 

(exp {lIT'^lP^ (S)Qa-Qa® Pm]} (r)''^IN = (^0^)\w 

where 
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Therefore, the R - matrix reads 

n = exp {zn"^" (P„ (S) Qa ~ Qa ^ Pn.)} (48) 

This form of B matrix is particularly convenient for checking the validity 
of Yang-Baxter equation. 

The approach illustrated in the above two examples can be applied to 
the case of Euclidean version of the so called G-Minkowski space studied, for 
example, in Refs, ^50j, [SJJ- It is defined by the commutators 

[x^,r]=lQmn (49) 

with antisymmetric B™" matrix. 
These commutation relations, as well as the algebraic sector of their symme- 
try transformations, are controlled by the matrix 

B^j, = (exp {ze™"P„ ® P4 a)^lj, = {na)%j, (50) 

Actually, all three matrices given by eqs.l lMj) . (H6l) and (l50l) can be com- 
bined into the following one 

B^^^j, = {exp{-te^^Prn ®Pn + C'^^Qa ® Qp (51) 

This matrix verifies all three conditions (a - c) and describes three param- 
eter extension of A^ = | Euclidean supersymmetry considered in [H]. The 
relevant commutation relations of space-time coordinates read 

{,)",r)'^}=C"^ (52) 

[x™, r)"] =zC"''(a")/3p?7'^ + ilT"^ 

[£-,r]=^C"^(cr-)„,(a"),,[r,f] 

-F (11 [a jaa - 11 (CT ja^jrj +2fc) 
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The algebraic sector of global transformations preserving (1521) is given by 
the following commutators of transformation parameters: 

{t.i^]=Cf (53) 

{r,l'^}=o 

{r,P}=o 

+ (n^°(a")„^ - n7(cr"^),^)r + ^e'"" 

where C° etc. are defined as follows 

Cf = [5^(5f ± {A^r^{Ays]C^' (54) 

n™" = (,j;^5^ ± {e'Tp{A'Yp)W^ 

Finally, let us note that the general Euclidean superspace deformations 
considered in [53] can also be described by a sort of B matrix constructed 
out of translations Pm and supertranslations Qa-, Qa 

B^MN = {I®I- tn"'''Pm ^Pn + C^Qa ® Q^ (55) 

+ 2n"^"(P„®Q„-Q,®P„) 



/3 



E'^^Q^ ®Q0 + Q0® ga))a^^^ 



with 



^mn ^ Qmn _ -(jaPjjaP^^m^^^^^n^ (gg) 



I 



-E'^'E^-iiana^ia^,, + {a^Uian,,) 
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and C, D, E, 11, A being arbitrary constants of properly defined parity. 
However, without imposing some additional and rather strong constraints 
on these constants the above B matrix does not satisfy Yang-Baxter equation. 

In order to complete our discussion of global symmmetry transformations 
of A^ = 1 quantized Euclidean superspaces we introduce the coalgebraic 
structure in the set of these transformations. It is defined in the standard 
way by the following coproduct A, counit e and antipode S maps: 



A(T 



B) 



rpA 

^ C 



rpC 

-^ B 



(57) 



e{T- 



A^ 
B) 



Ob 



(58) 



5(n) = (T-Tb 



(59) 



The explicit form of the inverse (T ^)\ Euclidean supermatrix reads: 



(t-Yb 











^r(e")™(c^") 



im-'r, 



il^e^r^a") 



[(^T)-llP 



(60) 



One can easily check that the coalgebraic structure introduced in such a 
way coincides with the one considered in |53]. What is more the B matrices 
describing N = ^ supersymetry and its three-parameter extension satisfy the 
following equation: 



This proves that the coproduct is compatible with (anti) commutation 
relations obeyed by transformation parameters. 



4 Star products, twisted Euclidean superal- 
gebras and global symmetries 

In this last section we briefly discuss the global symmetries of deformed su- 
perspaces considered above and in Ref. [53j from the point of view of star 
products and twisted superalgebras [S], [IS], [Hll - [ZO]- As it is well known 
noncommutative (super)spaces can be regarded as the usual ones equipped, 
however, with additional structure (the so called star product). This product 
is defined to be associative but not commutative which allows to model non- 
commutative (super) spaces. Twisted (super) algebras appear, in a natural 
way, when analyzing covariance of the commutation relations defining these 
(super) spaces. In particular, the general commutation relations yielding the 
deformations of Euclidean superspace studied in |53j , as well as their special 
cases described above (see eqs. f l23l) . fl37j) and fl52|) ), can be realized as com- 
mutation relations [x^ * x^]± = x^ -k x^ ± x^ -k x^ corresponding to the star 
product given by 

f^g = fioJ^^-\f^g)=^X,{f^g). (62) 

In the above formula, /i denotes standard multiplication of functions on Eu- 
clidean superspace //(/ ® g) = fg while J-£- is an operator constructed out of 
differential realization of translations P^ and supertranslations Qq,, Qa 

Te =exp{ ^ {in'^'^Pm ®Pn~ C'^Qa ® Q/3 (63) 

+ iA^-^iQa ®Pm-Pm® Qa) 

+ E''^{Q^^Q^ + Q^(S)Q,,)} 



Qa =^^ + <^rrQm (64) 

P = -id 
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The deformed Euclidean superspace and its A^ = | super symmetry con- 
sidered in the first example correspond to the case where C is an arbitrary 
constant symmetric matrix while the remaining constants D, E, 11 and A 
vanish. In the second example it is the constant 11 which is the only non- 
vanishing one. Finally, three-parameter extension oi N = ^ supersymmetry 
described by B matrix given by eg. (15 II) corresponds to nonzero C, 11 and G. 
Now, the star counterparts of general commutation relations generated by 
the J-£- operator with arbitrary nontrivial constant matrices C, D, E, 11, A 
and G are not consistent with Jacobi identities (unless the elements of these 
matrices belong to some Grassmann algebra). However, in the special case 
oi N = ^ supersymmetry and its three-parameter extension the relevant J-£ 
operator does satisfy the conditions defining supersymmetric extension of 
Drinfeld twist operator |30], [IQ], [H], [16]. This implies that: 



i) star product given by the J-^ operator is associative and commutation 
relations corresponding to this product are consistent with Jacobi iden- 
tities, 

ii) one can construct the so called universal 7^ matrix [30], [33], according 
to the general rule 



7^ = (J-^)2i J-£-\ (65) 

where 



and 0" is a flip operator. 

TZ matrix, constructed in such a way, when expressed in terms of the 
generators Pm, Qa, Qa, reads 

7^=exp{-(^G'""P„®P„-C"'^g,®Q;3 (66) 

+ zn'"'^(Q„®p„-p„®g,))} 
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This shows that the B supermatrix (1511) is (up to the flip operator ) 
nothing but the supermatrix reahzation of universal TZ matrix given by 
eq. fl66|) . Obviously, the same conclusion holds in the special cases when 
only one of the constants 0, C, 11 does not vanish. 

iii) star counterparts of commutation relations are covariant with respect to 
the action of: 

a) twisted N = ^ Euclidean super algebras. It means that for any gen- 
erator X of this superalgebra the following equation holds 



X^.(/ ®g) = MAAX){f ® g)). (67) 



A^{x) = J^{X ^ I + I ^ X)J^-\ (68) 

Ajr(x) is the twisted coproduct. 

b) global N = ^ Euclidean supersymmetry transformations with non- 
commutative parameters satisfying commutation relations described 
within FRT method by eq. (fT^ (with B matrix given by eq. (!5T!) ). These 
relations (given explicitely by eq. (l53!l ) have also been obtained, in inde- 
pendent way, in [53] . 

5 Summary 

A (super)space quantization breaking, in general, the usual (super) symmetry 
calls for a modification of symmetry transformations. At infinitesimal level 
this can be achieved in the framework of twisted (super) algebras. The twist 
operator modifies coalgebraic sector of transformations leaving the algebraic 
one unchanged. In the dual, global picture, symmetry transformations act 
on deformed superspaces in the usual way but they depend on noncommuta- 
tive parameters. The most interesting cases correspond to the situation when 
these parameters generate quantum symmetry supergroup ( noncommutative 
Hopf superalgebra). In particular, this happens for N = ^ supersymmetry 
and its extensions studied in many papers. At infinitesimal level these de- 
formations are preserved by appropriately twisted superalgebras 
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[15] . [17] . The gobal symmetry transformations preserving them have been 
studied in [53] (see also Ref. [ID]) and shown to generate supersymmetric 
extensions of 6'-Euchdean group. 

In the present paper we have demonstrated how these extensions can 
be obtained within the FRT method. Using supervector reahzation of (de- 
formed) Euchdean superspaces and supermatrix representation T^ of Eu- 
chdean supergroup we have found exphcit form of R-matrices corresponding 
to N = ^ supersymmetry and its three-parameter generahzation. These 
matrices control both coordinate commutation relations defining deformed 
superspace as well as commutators of parameters defining algebraic sector of 
their global symmetry transformations. We have shown that such matrices 
can be constructed directly, starting, basically, with coordinate commutators 
(in particular, without referring to the twisting procedure). Actually, super- 
space deformations do not determine the corresponding R-matrices uniquely. 
However, as we demonstrated, in our cases this sort of gauge freedom can be 
used (due to a specific structure of some T^ matrix elements of Euclidean 
supergroup representation) to impose the consistent supersymmetric version 
of FRT equations. Explicit form of supermatrix representation of Euclidean 
supergroup allowed us to find commutators of transformation parameters as 
well as to introduce, in a standard manner, the coalgebraic structure (com- 
patible with the algebraic one) in the set of global transformations preserving 
N = ^ supersymmetry and its extensions. In this way, we confirmed inde- 
pendently the results of [5B] concerning quantum supergroup structure of 
global symmetries. 

In the last section of the paper the global transformations have been analyzed 
in the star products and twisted superalgebras perspective. In particular, we 
argued that R matrices found in the first sections provide supermatrix re- 
alization of universal R-matrices constructed out of relevant twist operators 
which define twisted Euclidean superalgebras preserving N = ^ supersym- 
metry. 
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7 Appendix; Supermatrices 

Bellow we collect some basic facts concerning supermatrices [72] 

A matrix S is a supermatrix if its elements S^ belong to some superalgebra 
and its rows and columns have definite parities. If \Sij\ = 0, 1 denotes the 
parity of Sij element, |i|, \j\ = 0, 1 - the parity of i-th row and j-th column j, 
the parity 1 5*1 = 0, 1 of the supermatrix S is defined by 



l^l = 0, - ( S* is an even supermatrix ) if: \Sij\ + \i\ + |j| = mod 2, and 

(69) 

15*1 = 1, -{ S is an odd supermatrix ) if \Sij\ + \i\ + |j| = 1 mod 2 

for all i,j. 

Usually even rows and columns are put first. Then a supermatrix S which 
has m even, n odd rows and p even, q odd columns can be put in the form 



S 



'S'lo Sn 



(70) 



where 6*00, >S'oi, S'lo, S'lo denote mxp, nxp, mxq, nxp matrices respectively. 
According to the definition given above 



|5|=0if |(S'oo).,| = |(Sii).,|=0 



|(S'oi)jj| — |('S'oi)jj| — 1 



and 



5| = lif |(Soo).,| = |(Sn: 



'ij\ = 1 



|(S'oi)jj| - \iSoi)ij\ - 

The sum and product of the supermatrices ( which can be divided into 
blocks of compatible dimensions ) are defined as in the case of ordinary ma- 
trices. However, the definition of multiplication of supermatrices by scalars 
has to take into account that there are odd elements in superalgebra. There- 
fore, the left- and right-hand side multiplication of supermatrices by scalar 
a are defined respectively, as follows 
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a ■ S 



aSoo 
-l)l1a5io 



aSoi 
(-l)l"la^ii 



(71) 



5" ■ a 



Sooa 



\a 



Soia 
5ii(-l)l"l« 



(72) 



Matrix elements (5*1 ^ S2) mn ^^ ^^^ tensor product Si ® S2 are defined 
according to general rule of multiplication in the tensor product of superal- 
gebras i.e. 



((^1 ® S2))iiS[ 8) S'2)) = (-1)1^^11^11^1^; ® ^2^2 



(73) 



where Si, S[, S2, S2 denote supermatrices for which the products SiS'i and 
S2S'2 are well defined. Hence, for even P (|P| = 0) and odd A^ (|A^| = 1) 
supermatrices the relevant matrix elements of their tensor products read: 



(Pi ® P2)''Ed - 

{Ni ® N2)^Ed 
{N ® P)^Sd = 
(P ® N)^Sd = 



;_l)|C|(|B| + |D|)(p^)A^(p^ 



2; D 






(74) 
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